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Abstract
Stacks of D3-branes placed at the tip of a cone over a del Pezzo surface provide a way of
geometrically engineering a small but rich class of gauge/gravity dualities. We develop tools
for understanding the resulting quiver gauge theories using exceptional collections. We prove
two important results for a general quiver gauge theory: 1) we show the ordering of the nodes
can be determined up to cyclic permutation and 2) we derive a simple formula for the ranks
of the gauge groups (at the conformal point) in terms of the numbers of bifundamentals. We
also provide a detailed analysis of four node quivers, examining when precisely mutations of
the exceptional collection are related to Seiberg duality.
October 2003
1 Introduction
A convenient way of engineering N = 1 gauge/gravity dualities starts with a stack of D3-
branes placed at the tip of a Calabi-Yau cone X [1, 2, 3, 4]. This construction generalizes
the original AdS/CFT correspondence [5, 6, 7], where the D3-branes are placed in flat space,
X = C3. The resulting collection of gauge/gravity dualities is extremely rich; the number of
qualifying X is infinite. Unfortunately, we lack a detailed understanding of most of these X.
For example, to the author’s knowledge, the metric for only two such X is known, C3 and
the conifold. In this paper, we will study dualities where X is a (complex) cone over a del
Pezzo surface.
A del Pezzo surface is a two complex dimensional, Kaehler manifold with positive curva-
ture. Two simple examples of del Pezzos are P2 and P1× P1, for which we do know metrics.
The correspondingX are orbifolds of C3 and the conifold. The remaining del Pezzos, denoted
dPn, correspond to P
2 blown up at n points where 1 ≤ n ≤ 8.
Even though metrics for the dPn are lacking, these surfaces are extremely well studied
and we can make progress in understanding their gauge/gravity dualities. For example,
for n = 1, 2, 3, the resulting dPn are toric and the gauge theories for these models can be
extracted using toric geometry [8, 9, 10, 11].
Exceptional collections appear to be one of the most promising tools for understanding del
Pezzo gauge theories. Exceptional collections exist for all del Pezzos. Given an exceptional
collection, it is easy to generate another such collection through a braiding operation called
mutation. For every exceptional collection, there is a prescription for writing down the
quiver, the ranks of the gauge groups, and the R-charges of the fields at the conformal point.
A brief review of these collections is provided in section 2.
Exceptional collections were first proposed in this context by [12] although the authors
provided detailed analysis only for toric cases. Later Wijnholt [13] developed this proposal,
deriving gauge theories for n > 3.1 Most recently, the author and Walcher [16] used excep-
tional collections to understand the dibaryon spectra in del Pezzo gauge theories, extending
earlier work in [17, 18].
Nevertheless, our understanding of the connection between these collections and the del
1Other techniques have been proposed for deriving the gauge theory for n > 3: “unhiggsing” was suggested
by [14] and pq-seven brane webs by [15].
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Pezzo gauge theories is far from complete. For example, it does not appear to be true that
every exceptional collection generates a reasonable gauge theory. Certain collections generate
gauge theories with gauge groups of zero rank and bifundamentals with negative R-charge!
In this paper, we try to fill some of the gaps in our understanding.
One open problem is, given a quiver gauge theory for a del Pezzo, can we reverse engineer
the corresponding exceptional collection? The exceptional collection is an ordered collection
of sheaves, and each sheaf is identified with a node in the quiver. Thus to generate the
exceptional collection, we have to order the nodes of the quiver.
In section 3, we partially solve this ordering problem. An exceptional collection, through
a particularly simple set of mutations, can generate a bi-infinite sequence of sheaves called
a helix. We prove that every quiver corresponds to a helix and that a cyclic permutation of
the nodes corresponds to choosing a different foundation for the helix. This result reduces
the full ordering problem to ordering the quiver up to cyclic permutation.
In section 4, we present a formula for the gauge group ranks that partially solves another
part of the reverse engineering problem. In [16], these ranks were identified with the ranks of
the bundles in the “dual” exceptional collection. Our formula depends only on the numbers
of bifundamentals and an ordering of the quiver and thus can be used in constructing the
“dual” collection.
In this paper, we rechristen the “dual” collection the geometric collection. The original
exceptional collection we call the gauge theory collection.
Finally, in section 5, we present a detailed analysis of four node quivers for del Pezzos. We
will see that there is only one such quiver, and only two orderings (up to cyclic permutation)
are allowed. We denote these orderings A and F type. Seiberg duality of an A type quiver
produces another A type quiver. Seiberg duality of an F type quiver either produces a
new F type quiver or a quiver that cannot be described by an exceptional collection on a
del Pezzo. Inspired by these results, we define a well split quiver to be an ordered quiver
(corresponding to a helix) where Seiberg duality on any node is equivalent to a sequence of
mutations. Our A type quiver is well split. More generally, an unproven conjecture is that
the Seiberg dual of a well split quiver is again well split. In contrast, the F type quiver is ill
split or equivalently not well split. Leaving precise definitions for the text, we believe it to
be true that Seiberg duality cannot be expressed in terms of mutations for ill split quivers.
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Ultimately, we hope that the current work can be used to understand generalizations of
the Klebanov-Strassler (KS) solution [19] where in addition to D3-branes, we add D5-branes
wrapped on vanishing two-cycles in X. These D5-branes take the theory away from the
conformal point, and the gauge couplings begin to run. A qualitative understanding of this
RG flow can be gained by performing a Seiberg duality every time a coupling diverges. For
example, one can learn something about the change in the number of degrees of freedom as
a function of RG scale. In this context, the analysis will be simpler if we restrict to well split
quivers. We hope to return to these generalized KS flows in a future publication [20].
2 Quivers from Exceptional Collections
We review the construction of an N = 1 quiver gauge theory from an exceptional collection,
as described in [13, 16]. We will be interested in the class of gauge theories that are dual,
via the AdS/CFT correspondence, to type IIB string theory in an AdS5 × Y background,
where Y is a U(1) bundle over a del Pezzo surface.
The starting point is an exceptional collection of sheaves E on a del Pezzo dPm, m =
0, . . . , 8. A standard mathematical reference for these collections is [21] (see also [22]). For the
string theorist [12, 23], these sheaves are simply a set of elementary “rigid” branes generating
all BPS configurations of the theory by bound state formation. There exist special maps
between the sheaves denoted Exti, which the string theorist may think of as the ground
states of the strings connecting the elementary branes. For each sheaf, we have a SU(N)
gauge group where N corresponds to how many of that particular type of brane we decided
to include in the geometry. Moreover, for each Exti map, we have bifundamental matter
fields.
2.1 A Review of Exceptional Collections
Having given the rough picture, we now become precise. Let V be a complex Fano variety,
e.g. a del Pezzo. A sheaf E over V is called exceptional if Ext0(E,E) = Hom(E,E) = C
and Extk(E,E) = 0 for k > 0. An ordered collection of sheaves E = (E1, E2, . . . , En) is
called exceptional if each Ei is exceptional and if, moreover, for each pair Ei, Ej with i > j,
we have Extk(Ei, Ej) = 0 for all k and Ext
k(Ej , Ei) = 0 except possibly for a single k.
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To count the number of bifundamental fields in the gauge theory, we must understand
these Ext maps. A useful tool is the generalized Euler character
χ(E, F ) =
∑
i
(−1)idimExti(E, F ) (1)
which by the Hirzebruch-Riemann-Roch theorem can be rewritten as
χ(E, F ) =
∫
V
ch(E∗)ch(F )Td(V) (2)
where ch(E) is the Chern character of the sheaf E. Note that χ is a bilinear form. An
additional useful fact for del Pezzos is that only Ext1 and Ext0 can be nontrivial [24]. This
fact together with the Euler character allows one to compute the numbers of bifundamentals
in the gauge theory quickly and easily from the Chern characters of the exceptional sheaves.
An obvious question at this point is how many sheaves do we include in the exceptional
collection, or equivalently how many fundamental branes do we need to describe the physics.
Geometrically, in these del Pezzos, branes can correspond to points, they can wrap curves, or
they can wrap the entire del Pezzo. Thus, the number n of sheaves in the collection should
correspond to the sum of the Betti numbers of dPm, n = m+3. Mathematically, we see that
the Chern character ch(E) = (r(E), c1(E), ch2(E)) is described by n charges. At the level
of Chern characters, we can have at most n linearly independent sheaves in our collection.
A complete exceptional collection contains n sheaves and spans this n-dimensional vector
space.
In components, the Euler character reads
χ(E, F ) = r(E)r(F ) +
1
2
(r(E) deg(F )− r(F ) deg(E))
+r(E)ch2(F ) + r(F )ch2(E)− c1(E) · c1(F ) , (3)
which can easily be derived from (2) using Td(dPn) = 1−
K
2
+H2, where K is the canonical
class and H is the hyperplane, with
∫
dPn
H2 = 1. Also the degree deg(E) = (−K) · c1(E).
If E is an exceptional collection, one obtains new exceptional collections (and hence new
gauge theories) by left and right mutations:
Li : (. . . , Ei−1, Ei, Ei+1, . . .) → (. . . , Ei−1, LEiEi+1, Ei, . . .) ,
Ri : (. . . , Ei−1, Ei, Ei+1, . . .) → (. . . , Ei−1, Ei+1, REi+1Ei, . . .) . (4)
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Here, LEiEi+1 and REi+1Ei are defined by short exact sequences, whose precise form depends
on which of the Extk(Ei, Ei+1) are non-zero. At the level of the Chern character
ch(LEF ) = ±(ch(F )− χ(E, F )ch(E)) ,
ch(RFE) = ±(ch(E)− χ(E, F )ch(F )) , (5)
where the sign is chosen such that the rank of the mutated bundle is positive. We introduce
some additional nomenclature here that will be important later on. If χ(E, F ) < 0, the
mutation is called an extension and the plus sign above is chosen. In the remaining cases,
choosing the plus sign corresponds to a recoil while the negative sign is a division.
There are an additional class of mutations denoted LD and RD, which at the level of
charges leads to the selection of the plus sign in (5) above. Choosing the plus sign will
lead often to sheaves with negative rank, which roughly speaking one may think of as the
antibrane. For more details on mutations, see for example [21].
2.2 Constructing the Gauge Theory
We review the construction of a N = 1 superconformal gauge theory dual to string theory
on AdS5 ×Y for Y a U(1) bundle over dPm.
To construct the gauge theory, we begin with an exceptional collection EG = (EG1 , E
G
2 , . . . , E
G
n )
over dPm. The quiver will consist of n nodes, one node for each SU(Ni) gauge group. The
ranks of the gauge groups are defined to be Ni = r(E
G
i )N . Such a collection E
G we will refer
to as a geometric collection.
Next we construct the dual exceptional collection (EQ)∨ = EG. For any exceptional
collection E , we define the dual collection E∨ to be the result of a braiding operation,
E∨ = (E∨n , E
∨
n−1, . . . , E1)
= (LDE1 · · ·L
D
En−1
En, L
D
E1
· · ·LDEn−2En−1, . . . , L
D
E1
E2, E1) . (6)
The collection E∨ is exceptional in the order presented, and is dual to E in the sense of
the Euler form, i.e. χ(Ei, E
∨
j ) = δij . Note that because of the D-type mutations involved,
the ranks of E∨ may not be all positive. We call this dual collection EQ the gauge theory
collection. Note that the superscript ∨ is meant only to indicate the dual.
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Third, we construct the incidence matrix
Sij = χ(E
Q
j , E
Q
i ) . (7)
From the exceptional property, S will be an upper triangular matrix with integer entries and
ones along the diagonal. The incidence matrix for the original geometric collection is the
inverse of S. Note that S−1 is also upper triangular, integer valued, and has ones along the
diagonal.
We use S to compute the numbers of bifundamentals. We draw Sij arrows from node i to
node j in the quiver. (A negative Sij means we have to reverse the direction of the arrows.)
Each arrow is a bifundamental N = 1 chiral superfield transforming under the gauge groups
at the tail and head of the arrow. It is straightforward to verify that the chiral anomalies in
the resulting gauge theory vanish:
∑
j
(S − ST )ijr(E
G
j ) = 0 . (8)
Finally, we may compute the R-charges of the bifundamental fields. Let i correspond to
the tail of the arrow and j to the head. Building on work of Intriligator and Wecht [18],
Herzog and Walcher [16] showed that
R(Xij) =
2
K2r(EGi )r(E
G
j )
×


χ(EGi , E
G
j ) if χ(E
G
i , E
G
j ) 6= 0
χ(EGi ⊗K,E
G
j ) otherwise.
(9)
From these R-charges, one may verify that the NSVZ beta functions vanish. In particular,
it was shown in [16] that
0 = βi =
1
K2
∑
k
(χ(EQi , E
Q
k )− χ(E
Q
k , E
Q
i ))(χ(E
G
i , E
G
k )− χ(E
G
k , E
G
i )) + r(E
Q
i )r(E
G
i ) . (10)
We can move away from the conformal point by adding fractional branes to the geometry.
The fractional branes change the ranks of the gauge groups in a way that continues to preserve
the cancellation of the chiral anomalies (8). Thus, these fractional branes correspond to the
remaining vectors in the kernel of (S − ST ).
3 Helices and Quivers
Having constructed a conformal gauge theory starting from an exceptional collection, it is
natural to wonder whether an exceptional collection can be constructed from a conformal
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gauge theory. Figuring out the ordering of the nodes is clearly important. The quiver does
not suggest any obvious ordering.
As a first step to solving the ordering problem, we will show that the choice of ordering
should be independent of cyclic permutations of all the nodes. For example, for a four node
quiver, the ordering (1234) should be equivalent to the ordering (2341). The proof requires
introducing the notion of a helix.
A helix H = (Ei)i∈Z is a bi-infinite extension of an exceptional collection E defined
recursively by
Ei+n = REi+n−1 · · ·REi+1Ei ,
E−i = LEi−1 · · ·LEn−1−iEn−i i ≥ 0 , (11)
such that the helix has period n, by which we mean
Ei = En+i ⊗K ∀i ∈ Z . (12)
A complete exceptional collection on a del Pezzo will generate a helix. Moreover, the helix
remains the same (for our purposes) if constructed instead with D-type mutations. Any
subcollection of H of the form (Ei+1, Ei+2, . . . , Ei+n) is exceptional and is called a foundation
of H.
Given a geometric collection EG and the associated helix H, a natural question is how
does the gauge theory depend on the choice of foundation. The answer is that it doesn’t.
The gauge theory depends only on the choice of helix. In other words, for every helix, there
exists a unique quiver. Moreover, shifting the foundation corresponds on the gauge theory
side to a cyclic permutation of the nodes of the quiver.
Let E = (E1, E2, . . . , En) and F = (En ⊗ K,E1, E2, . . . , En−1) be two neighboring geo-
metric foundations of H. Tensoring with K does not affect the rank of the sheaf. Thus,
the ranks of the gauge groups will be cyclically permuted but otherwise unchanged. We can
prove that the quiver is independent of the helix by showing that the quivers constructed
from the gauge theory collections E∨ and F∨ are identical.
Consider the dual exceptional collections E∨ = (E∨n , E
∨
n−1, . . . , E
∨
1 ) and F
∨:
E∨ = (En ⊗K,L
D
E1
LDE2 · · ·L
D
En−2
En−1, . . . , L
D
E1
E2, E1) (13)
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and
F∨ = (En−1 ⊗K,L
D
En⊗K
LDE1L
D
E2
· · ·LDEn−3En−2, . . . , L
D
En⊗K
E1, En ⊗K) . (14)
To analyze these dual collections, we need a couple of lemmas. Let G, E, and F be three
exceptional sheaves. It follows from linearity of the Euler character χ and the definition of
left mutation that
χ(LDGE, F ) = χ(E − χ(G,E)G,F ) = χ(E, F )− χ(G,E)χ(G,F ) . (15)
In the case G = F and if χ(E,G) = 0, it follows that
χ(LDGE,G) = −χ(G,E) . (16)
If χ(E,G) = 0, χ(F,G) = 0, and χ(F,E) = 0, it follows that
χ(LDGE,L
D
GF ) = χ(E, F ) . (17)
Let Sij = χ(E
∨
n+1−i, E
∨
n+1−j) and Tij = χ(F
∨
n+1−i, F
∨
n+1−j) be n× n matrices constructed
from E∨ and F∨ respectively. Consider the submatrix χ(E∨n+1−i, E
∨
n+1−j) = sij where E
∨
i
and E∨j can be any sheaves in E
∨ except for En⊗K. Let tij be the corresponding submatrix
for F∨ where again we are not allowed to use En⊗K. The submatrices s and t are identical
as (n− 1)× (n− 1) dimensional matrices. This statement follows from (17).
Now consider the remaining entries in the T and S matrices. In particular, consider S1j
and T(j−1)n where j = 2, 3, . . . , n. (S11 = Tnn = 1 and the other entries vanish trivially
because of the ordering inside the collection.) It follows from (16) that
T(j−1)n = χ(L
D
En⊗K
LDE1 · · ·L
D
En−j
En−j+1, En ⊗K)
= −χ(En ⊗K,L
D
E1
· · ·LDEn−jEn−j+1)
= −S1j . (18)
Using the matrices T and S we can construct quivers. These quivers will be identical up
to a cyclic permutation of the nodes. Clearly the quivers from the submatrices s and t must
be identical. The minus sign in (18) then compensates for the cyclic permutation.
3.1 Ordering and the Superpotential
These del Pezzo gauge theories can have a superpotential which up to this point we have
ignored. The superpotential, if known, further constrains the ordering of the nodes.
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The superpotential W is a gauge invariant polynomial in the bifundamentals Xij of the
quiver gauge theory. The superpotential generates relations in the path algebra of the quiver:
∂W
∂Xij
= 0 . (19)
Because of the R-symmetry, W will have R-charge two. A typical term in the superpotential
corresponds to a loop in the quiver. One multiplies the associated Xij together and traces
over the color indices.
From the R-charge formula (9), it should be clear that a loop in the quiver will produce a
monomial in the Xij with an R-charge that is a positive integer multiple of two [16]. Assume
for the moment that we know the correct ordering of the quiver. If we take the convention
where i corresponds to the tail of the arrow and j to the head, we get an additional two in
the R-charge every time j > i in the monomial. For example, X43X32X21X14 would have
R-charge two while X34X42X21X13 would have R-charge four.
Working backward, we see that the order the nodes appear in monomials in the super-
potential must be the same order in which the nodes appear in the exceptional collection.
The superpotential is often enough to specify the order of the nodes in the collection up to
cyclic permutation.
4 The Ranks of the Gauge Groups
Having partially solved the ordering portion of the inverse problem, we now derive a formula
for the ranks of the gauge groups (or equivalently the ranks of the sheaves in the helix) from
the numbers of bifundamentals. This formula can be used to constrain further the ordering
as we will see in section 5.
We assume the existence of a gauge theory collection EQ = (E1, . . . , En). From the
formula for the Euler character (3), we know that
χ(E∨1 ⊗K,E
∨
j ) = K
2r(E∨1 )r(E
∨
j )− χ(E
∨
j , E
∨
1 ) . (20)
Note that the Euler character is invariant under tensoring both sheaves with an invertible
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sheaf. Some standard manipulation gives
χ(E∨1 ⊗K,E
∨
j ) = χ(E
∨
1 , E
∨
j ⊗ (−K))
= χ(E1, (L
D
E1
· · ·LDEj−1Ej)⊗ (−K))
= χ(E1, R
D
En
· · ·RDEj+1Ej) .
Similarly for the other term in (20), one finds
χ(E∨j , E
∨
1 ) = χ(L
D
E1
· · ·LDEj−1Ej , E1)
= χ(LDE2 · · ·L
D
Ej−1
Ej , E1)− χ(E1, E1)χ(E1, L
D
E2
· · ·LDEj−1Ej)
= −χ(E1, L
D
E2
· · ·LDEj−1Ej) .
Putting these two small results together, one finds for (20) that
K2r(E∨1 )r(E
∨
j ) = χ(E1, R
D
En
· · ·RDEj+1Ej)− χ(E1, L
D
E2
· · ·LDEj−1Ej) . (21)
This formula (21) has a simple graphical interpretation. We put n points on a circle and
label them clockwise from one to n. The second term in (21) is a sum over paths from point
one to point j, while the first term is a sum over paths from point j to point one.
More precisely, let Pab be the set of paths from a to b, with a < b. Let I ∈ Pab be a
particular path. I is a map from the set of integers 0 ≤ j ≤ m + 1 to the set of integers
a ≤ k ≤ b, I(j) = kj, such that if i < j then ki < kj . Moreover, k0 = a and km+1 = b.
Finally, the path length of I is defined to be C(I) = m.
With this notation, we may write
K2r(E∨i )r(E
∨
j ) =
∑
I∈Pi,j∪Pj,i+n
(−1)C(I)+1
C(I)∏
s=0
xI(s),I(s+1) (22)
where we have defined xkl = (S−S
T )kl with Skl = χ(Ek, El). We put the whole set of paths
on a circle by identifying xl,k+n = −xkl. We have used the cyclic permutativity proved in the
previous section to substitute an arbitrary node i for 1 in (22). Indeed, the formula remains
valid even when i = j, as we will see below.
To gain confidence that we have the right formula, we check that the chiral anomalies
cancel
K2ri
n∑
j=1
rjxij = 0 , (23)
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where ri = r(E
∨
i ) are the ranks of the gauge groups. The xij closes all the paths from i to j
to make loops. We will see that this sum over loops vanishes in a trivial way. By a loop we
mean an element I ∈ Pj,j+n together with the obvious equivalence relation. In particular,
two paths I ∈ Pj,j+n and I
′ ∈ Pj′,j′+n construct the same loop if they have the same length
C(I) = C(I ′) and when viewed on the circle, visit the same nodes in the same cyclic order.
Let Li be the set of loops which include the node i. This set of loops can be decomposed
into a sum over paths. In particular
Li =
n−1⊕
k=1
Pi,i+k . (24)
The overline notation means that we have closed the path into a loop by joining nodes i and
i + k. More precisely, let I ∈ Pab. Then I ∈ Pa,a+n. For 0 ≤ j ≤ m + 1, I(j) = I(j) and
I(m+ 2) = a+ n. We can also perform this decomposition of loops into paths in a different
way:
Li =
n−1⊕
k=1
Pk+i,i+n . (25)
Now we substitute (22) into (23) and switch the order of summation. We find that we
have summed over all loops involving the node i twice. The xij in (23) introduces a relative
minus sign between the two sums. Each loop in one sum pairs up with a loop in the other
and cancels.
As a final check, we derive a formula for K2r21 using the NSVZ beta function β1. As
reviewed above, it was demonstrated in [16] that
0 = β1 = r(E
∨
1 )
2 +
1
K2
∑
k
(χ(E1, Ek)− χ(Ek, E1))(χ(E
∨
1 , E
∨
k − χ(E
∨
k , E
∨
1 )) , (26)
where we have used the fact that E∨1 = E1. This proof is more rigorous than it may seem.
We are not assuming that the beta function vanishes in order to derive r1. Rather, in [16],
the right hand side of (26) was shown to vanish as a mathematical identity.
From the beta function then
K2r21 =
∑
k
χ(E1, Ek)χ(E
∨
k , E
∨
1 )
= −
∑
k
χ(E1, Ek)χ(E1, L
D
E2
· · ·LDEk−1Ek) . (27)
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Using the path language, the sum is over all loops involving the node 1. Using cyclic
invariance, we conclude that K2r2i is in general a sum over all loops involving the node i:
K2r2i =
∑
L∈Li
(−1)C(L)+1
C(L)∏
s=0
xL(s),L(s+1) . (28)
Note that loops with even numbers of xkj appear with a plus sign. This formula is equivalent
to (22) in the case i = j.
There is a simpler way of writing this sum. Formally, we may change the basis of the S
matrix.
S → BSBT .
Although S is not invariant under such a change of basis, TrS−1ST is, and we can use
this trace invariant. First we evaluate this trace invariant in a particularly simple basis.
In particular, we choose the basis in which the sheaves are written in terms of their rank,
first chern class, and second chern character, as in (3). It is straightforward to see that
TrSS−T = n. Evaluating TrSS−T in the exceptional collection basis, we find a sum over all
loops in the quiver. In particular, the first row of S times the first column of S−T is a sum
over all loops involving node one plus a one from the diagonal elements. Then the second
row of S times the second column of S−T will be a sum over all loops involving node two but
not involving node one again plus a one from the diagonal elements, and so on. Comparing
TrSS−T in the two bases, we find that the sum over all loops must vanish,
0 =
∑
L∈L
(−1)C(L)
C(L)∏
s=0
xL(s),L(s+1) . (29)
Thus K2r2i may also be thought of as a sum over all loops not involving node i. (Now loops
with even numbers of xkj will appear with a minus sign.)
As a coda to this section, we rewrite our formula for K2r2i in yet one more way. In
particular, we produce the minor Si of S by crossing out the ith row and ith column. For a
quiver with n + 1 nodes (n < 12),
K2r2i = −Tr (S
i)−1(Si)T + n . (30)
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5 The Four Node Quiver
We closely investigate the inverse problem for four node quivers. The starting point is a four
node quiver with arrows joining all the nodes. In order to satisfy anomaly cancellation, at
each node there must be either two arrows in and one arrow out or two arrows out and one
arrow in (assuming no arrows vanish).
Our first lemma is that there is only one such quiver up to permutation of the nodes.
We will draw this quiver as in figure 1. A brute force proof (which the writer employed) is
to draw all the possibilities and relate them by permutation.
We will assume that this quiver corresponds to a geometric collection EG = (E∨4 , E
∨
3 , E
∨
2 , E
∨
1 )
with the ranks of the E∨i all positive and the numbers of bifundamentals determined from
the dual gauge theory collection EQ. The nodes in the quiver, in some yet to be determined
order, correspond to the sheaves and the arrows to the Ext groups between the sheaves in
EQ.
A little bit of notation is in order. We have the matrix Sij = χ(Ei, Ej). We write S as
S =


1 a b c
0 1 d e
0 0 1 f
0 0 0 1


(31)
From the previous section, it is clear that we need only care about the order up to cyclic
permutations. If the dual of EG = (E∨4 , E
∨
3 , E
∨
2 , E
∨
1 ) generates our quiver, then so will the
dual of FG = (E∨1 ⊗K,E
∨
4 , E
∨
3 , E
∨
2 ).
Without loss of generality, we may choose the node in the upper left hand corner of
figure 1 to be node number one. There are then six possible orderings of the remaining
nodes, corresponding to the six possible permutations of three objects. We label these six
permutations A through F . We will use a small Roman numeral to denote the particular
cyclic ordering. For example A type labeling corresponds to a clockwise labeling of the
nodes. Then Ai corresponds to the quiver with node one in the upper left and the nodes
labeled clockwise, Aii with node one in the upper right, Aiii in the lower right, and Aiv in
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d(1) (1) (1)
(1) (1) (1)
(2)
(2)
(2) (2)
(2) (2)
(3)
(3)
(3)
(3)
(3)
(3)
(4) (4)
(4)
(4)
(4) (4)
a
a
a
a
a
a
b
b
b
b
b
b
c
c
c
c
c
c
d
d
d
d
d
e
e
e
e
e
e
f
f
f
f
f
A B C
D E F
f
Figure 1: Different possible labelings of the four node quiver.
14
the lower left. The i type labelings always correspond to quivers with node one in the upper
left and are shown in figure 1.
These orderings give us information about the signs of the entries of the S matrix. We
can ask if these sign assignments are consistent with what we expect for an exceptional
collection. We will find that only the A and F type labelings are allowed.
The sign assignments for the labelings are as follows
A i ii iii iv
a − − − −
b + + − −
c + + + +
d − − − −
e − + + −
f − − − −
B i ii iii iv
a + − − +
b − − + +
c + + − −
d + + − −
e + − − +
f − + + −
C i ii iii iv
a + + + −
b + − − +
c − − + −
d − + + +
e + + − −
f + − + +
(32)
D i ii iii iv
a + + + +
b + − − +
c − − − −
d + + + +
e + + − −
f + + + +
E i ii iii iv
a + − − +
b − + + −
c + + − −
d + + − −
e − − + +
f − + + −
F i ii iii iv
a − − + −
b + + − −
c + − + +
d − − − +
e − + + −
f + − − −
We begin by eliminating the C type labeling. From the arguments presented above, we
know that TrS−1ST = 4 is an invariant of the exceptional collection. Evaluating TrS−1ST
for arbitrary S, we find that
a2 + b2 + c2 + d2 + e2 + f 2 − abd − ace− bcf − def + acdf = 0 . (33)
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From the sign assignments in (32), one can see that every term in this trace invariant (33)
will be positive for the C labeling and that this trace invariant can never vanish. Thus, we
eliminate the C labeling.
A little more information can be gleaned from our change of basis. In the chern character
basis, S − ST is clearly of rank two. The rank will not change under change of basis. Thus
we conclude that
cd− be + af = 0 . (34)
Every sign assignment in (32) is consistent with (34) so we will have to go farther afield to
eliminate labelings B, D, and E.
Our next step is to establish the ranks of the gauge groups, or equivalently the ranks of
the bundles in EG. We can use the general formulae presented above. For example, (30) tells
us that
8r21 = d
2 + e2 + f 2 − def ,
8r22 = b
2 + c2 + f 2 − bcf ,
8r23 = a
2 + c2 + e2 − ace ,
8r24 = a
2 + b2 + d2 − abd . (35)
In establishing the ordering, we found the bilinears of the form rirj , i 6= j more useful. The
equation (22) gives
8r1r2 = cdf − bd − ce ,
8r1r3 = ad− cf ,
8r1r4 = ae + bf − adf , (36)
8r2r3 = acf − ab− ef ,
8r2r4 = −ac + fd ,
8r3r4 = acd− de− bc .
The rank formulae (36) allow us to rule out orderings B, D, and E. Because the ranks
of the gauge groups (and of the sheaves in EG) must be positive, the right hand side of the
relations (36) must be positive. The sign assignments of B, D, and E would force some
ranks to be negative.
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We have succeeded in reducing the 24 different orderings of the nodes to two possible
orderings, the A and F type orderings. Typically, to distinguish between the two orderings,
it is enough to figure out which ordering satisfies (33).
We can figure out the allowed terms in the superpotential by looking at the R-charges of
the bifundamentals. A term in the superpotential corresponds to a loop in the quiver where
we trace over the internal indices of the bifundamentals. Looking at the four node quiver,
there are two triangular loops and one square loop that could produce scalar superpotential
terms. The superpotential terms must have R-charge two. As discussed in section 3.1, the
R-charge of a loop will be twice the number of times neighboring nodes are not in descending
order as we go around the loop. For the A type quiver, all three terms are allowed. However,
for the F type quiver, the square loop will have R-charge four and cannot appear in the
superpotential.
5.1 The Cubic R-charge Anomaly
With these ranks, one can check the value of the cubic R-charge anomaly for the four node
quivers. For N = 1 superconformal gauge theories, the conformal anomaly [25, 26] is
ac =
3
32
(3TrR3 − TrR) . (37)
The vanishing of the NSVZ beta functions tells us that TrR = 0. From AdS/CFT, we expect
[6, 27, 28]
ac =
Vol(S5)
4Vol(Y)
, (38)
where Y is either a U(1) bundle over P1×P1 or dP1. In both cases, we know that Vol(Y) =
8pi3/27 [29], and so we expect that TrR3 = 3.
The R-charges we know from (9):
TrR3 =
4∑
i=1
r2i + a(1−Ra)
3r1r2 + b(1−Rb)
3r1r3 + c(1− Rc)
3r1r4
+d(1− Rd)
3r2r3 + e(1− Re)
3r2r4 + f(1−Rf )
3r3r4 (39)
where
Ra =
−2a
r1r2
, Rd =
−2d
r2r3
, Rf =
−2f
r3r4
, (40)
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Rb =
2(ad− b)
r1r3
, Re =
2(df − e)
r2r4
, (41)
Rc =
2(−c + ae+ bf − adf)
r1r4
. (42)
This expression for TrR3 is valid for both A and F type quivers. The expression is rather
cumbersome, even for computer aided algebra, but with some care, we were able to verify
that TrR3 = 3 when subject to the constraints (33) and (34).
Note that these “R-charges” Ra, Rb, and so on are not the true R-charges. Depending
on the sign of a, b, etc., the Ra, Rb, etc. are either the R-charge or two minus the R-charge.
For example, for the Ai quiver R(X21) = Ra, R(X32) = Rd, R(X43) = Rf , and R(X42) = Re.
However, R(X13) = 2−Rb and R(X14) = 2−Rc.
We expect the R-charges to be positive, and it is interesting to investigate whether
the constraints so far considered enforce this positivity. Indeed from the sign assignments
(32) it is clear that for the Ai quiver, R(X21), R(X32), and R(X43) are all positive. It is
straightforward, using (32) and the rank formulae (36) to show that the remaining R-charges
are also positive.
For the F type quivers, the R-charges may in general be negative, as we will now see.
Take the Fii quiver: R(X21) = Ra, R(X32) = Rd, R(X43) = Rf , and R(X41) = Rc while
R(X13) = 2 − Rb and R(X24) = 2 − Re. While it is straightforward to show that R(X21),
R(X32), R(X43), and R(X41) are positive, the remaining two R-charges may in general be
negative. Take for example the Fii type quiver
S =


1 −2 5 −3
0 1 −7 5
0 0 1 −2
0 0 0 1


(43)
with gauge group ranks all SU(N). This “gauge theory” has has R(X13) = R(X24) = −1/4
according to our formulae. Gauge invariant, antisymmetric products of these X13 and X24
correspond to dibaryonic operators and naively would have a negative R-charge. As these
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dibaryons are chiral primaries, they would also have a negative conformal dimension in
violation of unitarity.2
5.2 Mutation versus Seiberg Duality
We investigate the effects of mutation and Seiberg Duality on a four node quiver. Up to
now, we have considered LD and RD type mutations. To mutate a collection to obtain a
different collection, we operate with R and L type mutations on the helix H. In this way,
we can be sure that the ranks of the gauge groups stay positive. If we were to mutate the
dual gauge theory collection, where some of the sheaves have negative rank, it is not a priori
clear how to choose the signs to satisfy chiral anomaly cancellation.
For the four node quivers, then, the geometric collection EG = (E∨4 , E
∨
3 , E
∨
2 , E
∨
1 ) generates
the helix H. Consider LE∨
4
E∨3 . Under such a mutation, the entries of S become
a→ a , b→ c− bf , c→ ±b ,
d→ e− df , e→ ±d , f → ∓f . (44)
One may also consider RE∨
3
E∨4 where
a→ a , b→ ±c , c→ b− cf ,
d→ ±e , e→ d− ef , f → ∓f . (45)
Applying these transformations to Ai, Fi, Aii, etc., one finds that mutations in general map
A type quivers to both A and F type quivers and similarly for F type.
However, it is worthwhile to look more closely. In [12], it was pointed out that Seiberg
duality sometimes corresponds to a mutation. Seiberg duality for us will mean a particular
combinatoric action on the quiver. A careful treatment requires knowledge of the superpo-
tential which we lack in general. Combinatorially, we specify a node on which to dualize.
We change the rank of the gauge group at that node from Nc to Nf −Nc. For example, for
2K. Intriligator and R. Tatar have suggested in private communication that these negative R-charges
might indicate the appearance of an accidental U(1) symmetry in the gauge theory. In simpler gauge
theories where this problem occurs, for example SQCD, as a result of the symmetry the troublesome gauge
invariant operators decouple from the interacting theory and become free chiral superfields. (See [30] for a
recent discussion of this phenomenon.) However, it is not clear to the author what would become of these
troublesome dibaryons.
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an Ai quiver, dualizing on node 4 would send Nr4 → N(cr1 − r4). For every bifundamen-
tal that transformed under SU(Nc), we introduce a new bifundamental with the opposite
chirality that transforms under SU(Nf − Nc). For Ai and node 4, this introduction would
send c → −c, e → −e, and f → −f . Finally, we combine the old bifundamentals that
transformed under SU(Nc) into mesonic type operators. These mesonic operators look like
new bifundamentals and ensure chiral anomaly cancellation. The superpotential is critical at
this step; unless the superpotential allows these bifundamentals to be integrated out prop-
erly, bidirectional arrows may exist in the Seiberg dual theory, spoiling a description using
exceptional collections. Assuming the appropriate superpotential, for Ai and node 4, these
mesonic operators send b→ b− cf and a→ a− ce.
Now Seiberg duality does not respect the ordering of the quiver. After a Seiberg duality,
the quiver must usually be reordered in order to correspond to an exceptional collection.
Returning to our investigation of the relation between Seiberg duality and mutation,
recall that in general each node in a four node quiver is connected to the other three nodes
by three arrows; not all the arrows point in the same direction.
Assume only one arrow points into the node. If this arrow comes from a node that is a
nearest neighbor to the right in the gauge theory collection EQ, then a left mutation over
the corresponding node in the geometric collection will correspond to a Seiberg duality.
Assume only one arrow points away from the node. If this arrow goes to a node that is
a nearest neighbor to the left in the gauge theory collection EQ, then a right mutation over
this neighboring node in the geometric collection corresponds to Seiberg duality.
Moreover, the mutation whether left or right will always be a division in these special
circumstances.
In general, there are eight possible mutations, left and right for each of the four nodes.
However, there are only four ordinary Seiberg dualities, one for each node. Looking closely
at the A and F type quivers we see that for A type, four of the eight mutations correspond
to Seiberg dualities. In other words, Seiberg duality can always be thought of as a mutation
for the A type quiver. Specifically, for the A type quiver, every node has a single in or out
arrow pointing to or away from a neighboring node in the collection. Moreover, the single in
arrow will come from the right and the single out arrow will always point to the left in EQ.
For the F type quiver, only two of the eight mutations correspond to Seiberg dualities.
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The remaining two Seiberg dualities don’t correspond to mutations. More precisely, assuming
that no arrows become bidirectional after the duality, we cannot satisfy the constraint (33)
for any ordering after the duality. It seems likely that if these F type quivers have a sensible
gauge theory interpretation, then these remaining two Seiberg dualities produce quivers with
bidirectional arrows, i.e. quivers that cannot possibly come from exceptional collections.
One remaining intriguing fact here is that Seiberg duality, when it corresponds to a
mutation, maps A type quivers to A type quivers and F type to F type.
Based on the negative R-charges and the strange behavior under Seiberg duality, it is very
tempting to conclude that F type quivers are not allowed. However, we lack a geometric
understanding of why these F type quivers should be ruled out. From the exceptional
collection point of view, one geometric collection seems just as good as another.3
As mentioned in the introduction, it is tempting to generalize from our experience with
four node quivers. We define a well split quiver to be such that for any node i, all the nodes
in-going into i can be placed to the right in the EQ and all the outgoing nodes with respect
to i to the left in EQ. For such a quiver, Seiberg duality should always correspond to a left
mutation of EGi over all the in-going nodes in E
G [13, 16]. Furthermore, one hopes that the
Seiberg dual of a well split quiver is again well split. In this language, A type four-node
quivers are well split. In constrast, a quiver which does not satisfy this property we call ill
split because the in-going and outgoing nodes do not split in a way that respects the ordering
of the exceptional collection. F type quivers are ill split quivers.
6 Toward a General Understanding
In proving cyclic invariance of the quiver ordering, deriving the formula for the ranks of the
gauge groups in terms of paths in the quiver, classifying four node quivers, and checking
the value of TrR3 for four node quivers, we have taken a few steps toward understanding
the connections between exceptional collections, del Pezzo gauge theories, and AdS/CFT
correspondence. However, there remains a long list of things to do. In hopes of inspiring the
reader, we briefly describe a few of these items.
Number one on this list is obtaining a better understanding of F type quivers, or more
3To the author’s knowledge, the first example of such an F type quiver appeared in [31].
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generally, ill split quivers. For four node quivers, we saw that the set of A type quivers was
closed under Seiberg duality. Thus, we can consider only A type quivers if we are interested
in their behavior under RG flow. More generally, it would be interesting to prove that
well split quivers are closed under Seiberg duality. Also interesting would be some kind of
geometric demonstration that F type and ill split quivers are not allowed as gauge theories.
Number two is an analysis of the behavior of these gauge theories under RG flow. How
generic is the KS flow of [19]? Can we obtain an analytic understanding of the duality walls
in [32]? We plan to return to these questions in [20].
Number three would be to understand how exceptional collections relate to another way
of thinking of Seiberg duality considered in [33, 34, 35]. In these papers, Seiberg duality is
related to tilting equivalences of certain derived categories.
Finally, there are a large number of technical details which need to be resolved. Here are
three such details. One ought to be able to prove that the R-charge formula (9) corresponds
to the maximization of ac principle derived by [36]. Second, one ought to be able to use the
R-charges to check that TrR3 = 24/K2 for a general del Pezzo quiver. Third, one should
show that the rank two condition and the trace condition TrSS−T = n on S are not only
necessary but sufficient for S to correspond to an exceptional collection.
Hopefully, some of these issues will be resolved soon.
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